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✶✳ (15♣ts) ❊st✉❞❡ f(x) = exp(x
2

2 −
x
4

4 ) ✭♦♥❞❡ exp(· · · ) s✐❣♥✐✜❝❛ ✏❡①♣♦♥❡♥❝✐❛❧ ♥❛ ❜❛s❡ e✑✮✱ ✐♥❝❧✉✐♥❞♦✿ ❞♦♠í♥✐♦✱ s✐♥❛❧✱ ❛ssí♥t♦t❛s
✭s❡ t✐✈❡r✮✱ ✈❛r✐❛çã♦✱ ♣♦s✐çã♦ ❞♦s ♣♦♥t♦s ❞❡ ♠á①✳✴♠í♥✳ ❧♦❝❛✐s ✭s❡ t✐✈❡r✮✱ ❣rá✜❝♦ ❞❡t❛❧❤❛❞♦✳

❚❡♠♦s D = R✱ ❡ f(x) > 0 ♣❛r❛ t♦❞♦ x ✭♥ã♦ ♣♦ss✉✐ r❛✐③❡s✮✱ ❡ f ♥ã♦ ♣♦ss✉✐ ❛ssí♥t♦t❛s ✈❡rt✐❝❛✐s ❥á q✉❡ é ❝♦♥tí♥✉❛ ❡♠ t♦❞♦
♣♦♥t♦ (2♣ts)✳ ✭❖❜s❡r✈❡ q✉❡ ❝♦♠♦ f(−x) = f(x)✱ f é ♣❛r✳✮ ❈♦♠♦ x4/4 é ♦ t❡r♠♦ ❞❡ ❣r❛✉ ♠❛✐♦r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

lim
x→±∞

(
x2

2
−

x4

4

)

= lim
x→±∞

x4
︸︷︷︸

→+∞

(
1

2x2
−

1

4

)

︸ ︷︷ ︸

→−
1
4

= −∞ , ♦ q✉❡ ✐♠♣❧✐❝❛ lim
x→±∞

exp(+x
2

2 −
x
4

4 ) = 0 .

P♦rt❛♥t♦✱ ❛ r❡t❛ y = 0 ✭♦ ❡✐①♦ x✮ é ❛ssí♥t♦t❛ ❤♦r✐③♦♥t❛❧ q✉❛♥❞♦ x → +∞ ❡ q✉❛♥❞♦ x → −∞ (3♣ts)✳ ❈❛❧❝✉❧❛♥❞♦ ❛ ♣r✐♠❡✐r❛
❞❡r✐✈❛❞❛✱ ✉s❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱

f ′(x) =

(
x2

2
−

x4

4

)′

e
x
2

2 −
x
4

4 = (x− x3)e
x
2

2 −
x
4

4 = x(1− x2)e
x
2

2 −
x
4

4 .(3♣ts)

❈♦♠♦ ❛ ❡①♣♦♥❡♥❝✐❛❧ é s❡♠♣r❡ > 0✱ ♦ s✐♥❛❧ ❞❡ f ′(x) ♦❜t❡♠✲s❡ ❛ ♣❛rt✐r ❞♦ s✐♥❛❧ ❞❡ x(1−x2)✳ P♦rt❛♥t♦✱ ❛ ✈❛r✐❛çã♦ é ❞❛❞❛ ♣♦r
(2♣ts)

x

f ′(x)

❱❛r✐❛ç✳
❞❡ f

−1 0 +1

+ 0 − 0 + 0 −

❆ss✐♠✱ f ♣♦ss✉✐ ✉♠ ♠á①✐♠♦ ❧♦❝❛❧ ❡♠ (−1, f(−1)) = (−1, e
1
4 )✱ ✉♠ ♠í♥✐♠♦ ❧♦❝❛❧ ❡♠ (0, f(0)) = (0, 1)✱ ✉♠ ♠á①✐♠♦ ❧♦❝❛❧ ❡♠

(+1, f(+1)) = (+1, e
1
4 ) (2♣ts)✳ ❏✉♥t❛♥❞♦ ❡ss❛s ✐♥❢♦r♠❛çõ❡s ♦❜t❡♠♦s ♦ ❣rá✜❝♦✿

−1 0 +1

(3♣ts)

✷✳ (13♣ts) ❙❡❥❛♠ A = (−2, 0)✱ B = (0, 1) ❡ C = ( 12 , 0) ♣♦♥t♦s ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✳ ❙❡❥❛♠ M ✉♠ ♣♦♥t♦ ♥♦ s❡❣♠❡♥t♦ BC✱ ❡♥tr❡
B ❡ C✱ ❡ N ❛ ♣r♦❥❡çã♦ ✈❡rt✐❝❛❧ ❞❡ M ♥♦ ❡✐①♦ x✳ ▼♦♥t❡ ❡ r❡s♦❧✈❛ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ♣❛r❛ ❛❝❤❛r ♦ ♣♦♥t♦ M q✉❡
♠❛①✐♠✐③❛ ❛ ár❡❛ ❞♦ tr✐â♥❣✉❧♦ AMN ✳

A

B

C

M = (x, r(x))

N

❊s❝r❡✈❛♠♦s M = (x, r(x))✱ ♦♥❞❡ r(x) = −2x + 1 é ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ q✉❡ ♣❛ss❛ ♣♦r B ❡ C✳ ❈♦♠♦ M ❡stá ❡♥tr❡ B ❡ C✱
♣r❡❝✐s❛♠♦s r❡str✐♥❣✐r x ∈ [0, 1/2]✳ P❛r❛ ✉♠ x ✜①♦✱ ❛ ár❡❛ ❞♦ tr✐â♥❣✉❧♦ AMN t❡♠ ❜❛s❡ ✐❣✉❛❧ ❛ x − (−2) = x + 2✱ ❡ ❛❧t✉r❛
✐❣✉❛❧ ❛ r(x)✳ ▲♦❣♦✱ ❛ s✉❛ ár❡❛ é ❞❛❞❛ ♣♦r a(x) = 1

2 (x+ 2)(−2x+ 1)✳ ❆ss✐♠✱ q✉❡r❡♠♦s ❛❝❤❛r ♦ ♠á①✐♠♦ ❣❧♦❜❛❧ ❞❡ a(·)
♥♦ ✐♥t❡r✈❛❧♦ [0, 1/2] (6♣ts)✳ Pr♦❝✉r❡♠♦s ♣r✐♠❡✐r♦ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ a(·) ❡♠ (0, 1/2)✳ ❈♦♠♦ a(x) é ❞❡r✐✈á✈❡❧ ❡♠ t♦❞♦
x ✭s❡♥❞♦ ✉♠ ♣♦❧✐♥ó♠✐♦ ❞❡ ❣r❛✉ 2✮✱ ❡ss❡s ♣♦♥t♦s ❝rít✐❝♦s só ♣♦❞❡♠ s❡r ♣♦♥t♦s ♦♥❞❡ ❛ s✉❛ ❞❡r✐✈❛❞❛ s❡ ❛♥✉❧❛✳ ❖r❛✱

a′(x) = 1
2

(
(x+ 2)(−2x+ 1)

)′
= 1

2 (−4x− 3) ,

q✉❡ é ♥✉❧❛ s❡ ❡ s♦♠❡♥t❡ s❡ x = −
3
4 (3♣ts)✱ q✉❡ ❡stá ❢♦r❛ ❞❡ (0, 1/2)✳ P♦rt❛♥t♦✱ a(x) ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❝rít✐❝♦s ❡♠ (0, 1/2)✱

❡ ❞❡✈❡ ❛t✐♥❣✐r s❡✉ ♠á①✐♠♦ ❣❧♦❜❛❧ ♥❛ ❢r♦♥t❡✐r❛✳ ❈♦♠♦ a(1/2) = 0 ❡ a(0) = 1✱ ✈❡♠♦s q✉❡ ♦ ♠á①✐♠♦ ❣❧♦❜❛❧ ❞❡ a(x) é ❛t✐♥❣✐❞♦
❡♠ x = 0✱ ❧♦❣♦ ♦ ♣♦♥t♦ M q✉❡ ♠❛①✐♠✐③❛ ❛ ár❡❛ ❞♦ tr✐â♥❣✉❧♦ é M = (0, r(0)) = (0, 1) ≡ B✳ (4♣ts)

✸✳ (7♣ts) ❏✉st✐✜❝❛♥❞♦ ❝❛❞❛ ♣❛ss♦ ❞♦ ♠ét♦❞♦ q✉❡ ❢♦r ✉s❛r✱ ❝❛❧❝✉❧❡✿ limx→0
sen(x2)−x

2

x
6 ✳

❖ ❧✐♠✐t❡ é ❞❛ ❢♦r♠❛ ✏ 00 ✑✳ ▼❛s ♦ ♥✉♠❡r❛❞♦r ❡ ♦ ❞❡♥♦♠✐♥❛❞♦r sã♦ ❛♠❜❛s ❢✉♥çõ❡s ❞❡r✐✈á✈❡✐s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x = 0✱ ❡ ♦
❞❡♥♦♠✐♥❛❞♦r ✭❛ss✐♠ ❝♦♠♦ ❛ s✉❛ ❞❡r✐✈❛❞❛✮ só s❡ ❛♥✉❧❛ ❡♠ x = 0 (2♣ts)✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❘❡❣r❛ ❞❡ ❇❍✱ ❡ t❡♥t❛r
❝❛❧❝✉❧❛r ♣r✐♠❡✐r♦ ♦ ❧✐♠✐t❡

lim
x→0

(sen(x2)− x2)′

(x6)′
= lim

x→0

cos(x2)2x− 2x

6x5
= 1

3 lim
x→0

cos(x2)− 1

x4
(2♣ts)



❊st❡ ú❧t✐♠♦ ❧✐♠✐t❡ é t❛♠❜é♠ ❞❛ ❢♦r♠❛ ✏ 00 ✑✱ ❡ ❛s ♠❡s♠❛s ❤í♣♦t❡s❡s ❝✐t❛❞❛s ❛❝✐♠❛ sã♦ ✈❡r✐✜❝❛❞❛s✳ P♦❞❡♠♦s ❡♥tã♦ t❡♥t❛r
❞❡r✐✈❛r ❞❡ ♥♦✈♦ ♣❛r❛ ❝❛❧❝✉❧❛r

lim
x→0

(cos(x2)− 1)′

(x4)′
= lim

x→0

−sen(x2)2x

4x3
= −

1
2 lim
x→0

sen(x2)

x2
= −

1
2 .(2♣ts)

P♦rt❛♥t♦✱

lim
x→0

sen(x2)− x2

x6
= −

1

6
.(1♣ts)

P❛r❛ s✐♠♣❧✐✜❝❛r✱ ♣♦❞✐❛ t❡r ❝♦♠❡ç❛❞♦ ❝❤❛♠❛♥❞♦ z = x2✱ ❡ tr❛♥s❢♦r♠❛r

lim
x→0

sen(x2)− x2

x6
= lim

z→0+

sen(z)− z

z3
.

❆í✱ ❛s ❞❡r✐✈❛❞❛s ✜❝❛♠ ✉♠ ♣♦✉❝♦ ♠❛✐s s✐♠♣❧❡s✳

✹✳ ✭❇Ô◆❯❙✮ ❊①✐st❡ ✉♠ ♣♦♥t♦ ❞♦ ✐♥t❡r✈❛❧♦ [0, π] ❡♠ q✉❡ ❛ ✐♥❝❧✐♥❛çã♦ ❞❛ r❡t❛ t❛♥❣❡♥t❡ ❛♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ f(x) = x3 + sen(x)
é ✐❣✉❛❧ ❛ π2❄ ✭❉✐❝❛✿ ❚❡♦r❡♠❛ ❞❡ ❘♦❧❧❡✳✮

❖❜s❡r✈❡ q✉❡ f é ❞❡r✐✈á✈❡❧✳ ▲♦❣♦✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❧❧❡✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡ c ∈ (0, π) t❛❧ q✉❡

f ′(c) =
f(π)− f(0)

π − 0
=

π3
− 0

π − 0
= π2 .

▲♦❣♦✱ ❛ r❡s♣♦s❛ é ❙■▼✳ (5♣ts)✳ ✭P♦❞✐❛ t❛♠❜é♠ ♦❜s❡r✈❛r q✉❡ f ′(x) = 3x2 + cos(x) é ❝♦♥tí♥✉❛✱ f ′(0) = 1 < π2✱ f ′(π) =
3π2

− 1 > π2✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ■♥t❡r♠❡❞✐ár✐♦ ❞❡✈❡ ❡①✐st✐r ✉♠ ♣♦♥t♦ c ❡♥tr❡ 0 ❡ π ❡♠ q✉❡ f ′(c) = π2✳✮

✷


